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NOTE ON INTEGRAL AND INTEGRO-GEOMETRIC SERIES* 

By Pbop. Edwabd Dbakb Roe, Oberlin, Ohio. 

PREFACE. 

So far as I know, the methods which have been given for summing the 
integral and integro-geometric series are, with perhaps the possible exception 
of the sum of the powei's of the natural numbers, methods which give direc- 
tions how to proceed in a particular case, but offer no completed general solu- 
tions of the summations. For the integral series the best method directs to the 
use of a combination of undetermined coefficients, which are to be obtained 
for each particular problem, with scales of relation for the sum of the powers 
of the natural numbers, or else with repeated calculations of the sums of the 
powers of the natural numbers. For the integro-geometric series a multipli- 
cation by a power of (1 — as) is suggested. It is made plain that these proc- 
esses will succeed in a given case. These methods are well exemplified in 
Chrystal's Algebra, Pt. I, pp. 107, 484-493, and 504 Ex. 47. 

This lack of general solutions led me to inquire after their possibility and 
the form which they might assume. Complete general formulas were obtained. 

The investigation led to a series of numbers to whose study I am not 
aware that attention has been heretofore particularly directed. In themselves 
they possess considerable interest, and by means of them or their properties 
the summations are effected. They are coefficients in an exponential expan- 
sion. It is believed that this article is the first to call especial attention to 
them, and to establish their existence in the general formula for the sum of 
an integral series, and their relation to that for the integro-geometric series. 

The investigation is also characterized by the generous use of the method 
of finite differences, which was found to be of great service. 

The work is divided into three parts : First, the consideration of the 
numbers, called here J-^+a ; second, the development of a function by finite 
differences, and its application to the integral series ; and, third, the summa- 
tions of the integral and integro-geometric series. 

I. The numbers Ar+/,. 

A. Definition. Ar+K is the coefficient of a;''+^ in (e^ — ly. It will be 
denoted usually by Ar+K, but when ambiguity might arise it will be distin- 
guished by ^(r)+A- Wo have A^r)+!, ^ ^r+A- 

• Presented at the summer meeting of the American Mathematical Society at Buffalo, 1st Sep- 
tember, 1896. 
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B. Forpaation and Elementary Properties. 

a. By expansion of (e^ — 1)'', Ar+x is found to be equal to 

(^ + /)! [ 1 • -2 J 

It is easily found that A^ = 1, ^,.+, = „, ^,.+2 = g-t H —u — > ^^^ i* 

will appear in its summation, C, h, that J^+a is a rational, integral, and alge- 
braic function of the ^th degree in r. 

b. The function 



1)* + ' --T ~y ^ {n - 2)* - ... (- mn - rf = f{n) 



1.'2 

is an integral function of n of the {k ^ r)th degree, and vanishes if ^ < r, or 
if ^ ^ r + ^, vanishes if / < 0. 

This may be proved as follows : 

The function n* — {n — 1)* is of degree {h — 1) in n. 

The function {n — 1)* — (w — 2)* is of degree (k — 1) in «. 

.-. the function ?i* — \n — 1)* — ((n — 1)* — (n — 2)*), or w* — 2 (n — 1)* 
-\- in — 2)* is of degree k — 2 in n. By mathematical induction, and by means 
of the relation 6'„,r-i + <^»>,r = <^n+i,r it is then easily proved that 

n* _ r (n - 1)* + '^--^- (« - 2)* - ... (- l)'' (n - if 

is of degree {k — r) in n. 
It follows that 

nT' — k (71 — 1)* + ^1*-=-?: (n — 2)* — . . . (— \)\n — k) 

is of degree in n, i. e., is constant, and independent of the value of n. If in 
this last expression w =: ^, we obtain 

M'-lcik- \f + ^ • ^ ~ ^ (^ _ 2)* - . . . (- !)*-> k = k\Aj, = k\, 
and hence 

„* _k{n-Vf ^ ^~7" (n - 2)* - . . . (- 1)* (71 - ^) = >t! , 



and because this function is constant, if we give n the value n — 1, we get 

.k- 
172 



(„ -Yf-k (u - 2)* + ^^--7-^ (n- 3}" -...{- l)%n - k - 1)" = k\ . 
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Subtracting this expression from the previous one and reducing by means of 
the relation Cn,r~i + C„_,. = On+i,r, we get 

n* — (/& + 1) (n _ 1)* + — "tl^ (n — 'if — ...{— lf^\n — k—lf=0. 

1 . A 

And, in a similar way, by mathematical induction we can obtain 

„* — (JcJ^s){n — 1)* + ^-JLi- i + i^zi („ _ 1)* 

— ...(— 1)*+' (n — A — «)* = , 

i. e., vanishes when k — (k -\- s) = — s, which is what we took for X. Thus 
f{n) vanishes when ^< 0.* 

c. If iaf{n) we put A; = r + ^, we get by Maclaurin's development, the 
details of which need not be given here, 

/(«)=(r + A)! 



I 



x\ 



■ (;_!)!+ (A -2)! 



. . . (_ i)P ^-^^"^^^ ...+(_ 1)A A,^,] 



f (n) may also be looked upon as ^! X (the coefficient of «*) in 
r . 7' — 1 



gtix ,^gCn-l)x 



1.2 



„(.n-2)x 



— z>("->-)a: 



■'•)^ (e^ _ !)'• 



e^ _ re^'--i)x 



+ 



r . r 



1 . 2 



r. , , . , (« — ?f «' , («■ — rY»f , 



2! 



p\ 



(e' 



g('-2)l 



rx ^g(r-])x 



• I 
J 



and hence 



f{n) = {r + X)\ 



'A,.{n — rY ^,.+i(w — rf-'^ 
XI "^ "(A — 1)! 



{x-p)\ ■ 



+ A 



r+A 



If n = r in the two forms, we obtain by equating them, 

p=0 {^ — P)'- 

a relation which would certainly give all odd A subscript coefficients when the 
preceding ones both odd and even are given. It gives no new information, 

* This theorem haa been obtained by Ohrystal in a different way. Part II, p. 183 (3) p. 210. 
To make this give hia result put n = x -\- n', k = 3', s = n' — s' and drop accents. 
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however, if X is even. The complete solation for the ^.'s will be given farther 
along. 

d. That the function Ar+i, is of degree A in r, will appear later from its 
summation, and may be partially seen here as follows : In (e" — l)*", it is clear 
that the coefficient of »''+* is {r > X) 

'" , r . r' — 1 , r .r — 1 . ?' — 2 . 

-I 1— o «2 H =1 n o «3 + • • • 



(; + 1)\ 



1.2 



1.2.3 



["A-ll 



r.r-l.r-2...x-X + 2 f A - 1 1 (^ - 1) (A - 2) 1 

(I^^T)! [_(2 !)[„-;* A ! "^ (2 !)^-^ 3 ! 



+ 



r . r — 1 . r — 2 . . . r 

n 



>i + 1 n V 



[211 



The last term of degree ^ in r containing one term of degree r -^ ?. in x, comes 
from 



?• . r 



1 ...»■ — ; + 1 



X\ 



- + -+ . 
2! ^ 3! ^ 



and the next term 



r . r — 1 . . . r 



[2- 



+ ... 



X+1 



contains no term 03''+^, the lowest in x being of degree r — X — 1 + 2^ + 2 
= ?' + ^ -f 1. These results come from considering {e' — 1)'' in the form of 



a' + l9i + o-j + ---l • 
L L^! ^! JJ 



e. By the method of differences, to be noticed farther along, it is given 
that, {r > X) 



^(r)+A — ^(0)+A + K^(l)+A — ^(0)+\) 



+ 



r .r — 1 
1.2 



(^ 



(2)+A 



2^(1)+A + ^(0)+a) + 



+ 



r .r — 1 . . .r — X -\- \ 



1.2...; 



(-4(A)+\ ;-4(x_l)+A + J 2 ^(A.— 2)+A ( 1) -a.(0)+A) 



with the last term as here given, otherwise A^r)+K would be of higher degree 
than the Ath, which by d is impossible. (Cf. C. b.) 
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By referring to C. b. the restriction r > A is seen to be removed.* Com- 
paring the two forms of e, and d, and putting r = 0, 1, 2, ... in them succes- 
sively, we get (X > 0), 

«o = ^(0)+X = 

1 



(A + 1)! 



22+A. 2 



(•2 + ^) ! (1 + -I) ! 



— LzJl -1 4- (A — !)(; — 2) 2. 
«A-i — ^2 \y-2 • 4 t + (2 !)^-2 .3 ! 



iV. 

l2!J 



It also follows that, ^ > 0, 

-4(A+A;)+A (^ + ^) -^(K+k—l)+K 

1 (A + ^) ('^ + ^ — 1) A /I -lA+t J ^ n 

H J — 2 -^(A+A-aj+A — • • • (. — i-) -^(0,+A — u . 

As a special case if ^ = 1, ^ + 1 = r, 

^(/■)+>--l ^^(,-i)-|-r-l + J 2~ ^(r-a)+r-l • • • ( 1)' -^(0)+r-l ^ . 

f. Again by the method of finite differences, 

Ar+, = A, + X (A,+, - A,) + ^-=^ {A,+, - 2^,.+i + A,) + ... 
X. X — 1...^ — ?• -\- 1 , . . , 

T J 2 r \-^(.r)+r ''^(r)+r-l + ••■; + ••• 



* It is true that when X = r -\- s, where « may be 0, 1, 2, ... , X, the function Ar+\ may be 
written as of degree ?• in r, as well as of degree Xia r, for the particular value »•= ^ — «. E. g. : 

Ar+2 = ^-J_ ''(^ — 1) . Here ; = 2. Let s = 1, then r = 1, and for r = 1, 
6 8 



»• _ r I r(r — 1) _ ^ p ^ 
e^g""" 8 ^8 """24 ■ 
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which shows that A^+k may be expressed as of the ^th degree in X, or in any 
higher degree for a particular value of L 

Let r = 2, and 

^(2)+X ^ -0-2 + A (^(2)+l -^2 H 1 o — (-'^(2)+2 ^-^dh-l + ^2) + • • • ) 



or 



22+^ —2 2^ — 2 



(2 + A) 



2! 



2^ — 2 2= — 2 1 
JT-J 



3! 



+ 



or 



X{X —1) f 2' ~ 2 
1.2 [ 4! 

22+x _ 2 



g 2^ — 2 2' 



21 



3! 



2! 



i + .. 



(2 + A) ! ~ -^ + 2Z ^ ~ 2 Z ^' + • • • 

a curious relation in that the equation is absolutely true to three terms if 
^ ^ 0, 1, 2, as may be seen by substitution, but is not generally true in this 

way for all values of X ; similarly ^ = 1 — „ ^j is true if A ^ 0, 1, but 

not generally. Other illustrations might be given. 

C. The General Computation of the Numbers A^^.^. 

a. A scale of relation may be found for these numbers as follows : 



fx = (e* - ly = AX + Zr+i«'"+' + . . . = 2' A,+X+^ 

A = 

fx = r(^ — IJ-^ ^ = '''£ {r + X) J,.+xa?''+^-i . 



Now (e" — !)/'« — r^fx ^ 0, or 



^' £ {r + X) A,+,x'+'-' 



La=o 



2 T-, \ ~ r 



V «* 






1 n-A. 



+X«' 



= 0. 



In this equation the coeflScient of a'+^ is ; it is 

J-j -^r+* i 2] -^f+A-l H g"j ^lr+A-2 i" • • • 



(T+T)! 



n I "■" 11 "T oT T • • • 



0! 



1! 



2! 



X\ 



I , 
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and we have 



-i^r+A + 



Cr + X-1 



L 



2! 



r 1 r 

1-J L 



r + X — _2 
31 



2! 



■■r+A-J 



+ .. 



I / / 

[(A + l)!~r!_ 



0. 



This gives a scale of relation for computing the numbers ^,.+a- 

b. The complete solution for A,.^x may however be expressed in the form 
of a determinant. For, similarly to the preceding scale, we have by changing 
^ into ^ — 1, ^ — 2, . . . , 1, 



(X - 1) A,+^_, + 



r + A 



2! 



^ — JL 
1! 



^r+X-2 + • • • I n 



lF! (I^]^^-^' 



ir+l 



+ 



21 ~ n ! •• "~ 



These together with the scale of a. give X equations. Solving them for A,.+\, 
we get after substituting for A^ its value 1, and noticing that the denominator 
of the solution 



A — ^ 





^ 2! 


-1 r 

1! ■■■ 


r >• r " 

[(; + !)! ^!^ 




X- 


1 









X — 2 ... 










2 







... 


1 


r r r 

J\ (; + 1) ! 


+ X-1 r 
2! 1! 


r + X — 2 r 
3! 2! 


r r 


(;-l) 


r + X — 2 r 


(/i — 1)! X\ 


2! 1! 







A — 2 










r 

r 


r 

!~2l 









= x\ 



r -\- 1 r 

^r (x-=i:j\ 

r + 1 r 



(^-1)! (A -2)! 



/• + 1 r 

"TF 01 
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By reducing the form of the elements, and writing as a cyclical determi- 
nant, as I shall call it, 

X — {r + l) A — 2 (r + 1) 
2! 3! 



•■r+K ■ 



_ (- 1)^ 




It is clear that this determinant contains 2^^"* terms of the complete num- 
ber X ! of the determinant of the ^th order. It also appears at once from it 
that Ar+\ is a rational, integral, and algebraic function of r of the Ath degree. 
(v. B. d.) 

II. The Development of a Function by Finite Differences.* 

Let 



f(x + 0) = w„ 
fix + 1) = u, 
fix + 2) = u, 
fix + r) = Ur 
fix + n)=u„ 



u. 



Ju„ 



Ay, 



1h — ^2 = ^"2 



Ju^ 



and generally 

= Afix). 



Then by the method of differences, as special cases, we have : 
^- fix + n)= fix) + nAfix) + "^^^ ^f{x) + ... 

= T C^J'^fix) = (1 + Affix) = D-fix) , 

r=0 

where the operator 14-^ = -^- 



■ Of. Chrystal Algebra, Pt. II, pp. 372-379. Boole, Calculus of Finite Differences, pp. 13-19. 
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And also 

^- jy(a!) =f{x + «) - nf(x + n _ 1) + 5li(?L=:1) /(a, + ,i _ 2) + . 
+ (~ima;). 

= T(- irC„,/{af + „ _ r) = (i> - l)»/(a;) . 

ti=0 

Here A =:= D — 1, which shows that these operators obey the algebraic 
laws of addition and subtraction. As an example of these developments take 

f{x -f n) = a„ (a; + nf -f- a, (« -f n)*-' + . . . a^ , 
where the a's are constants. By A 

f{x + n) =Ax) f nJfix) + '^^^^ ^f{^) 

. n(n~l}...{n~k + l) A^fx 
''"■•■ 1.2...& 

The development ends here because by I. B. b. J*+'/(a;), J*+y(a;), etc., 
are equal to zero. 

We can unite /"(« -\- ii) = I C,„Jy^{x). By B. of this division and by I. 

r=aO 

B. c. letting w = a; -f r in the second form olf{n) we get, 

/{x + «.) = 2' <7,., I «,__. (r + /) ! I ^^^^ 

and this is the most general form of the reth, or general term of the integral 
series. If as = 0, we get, 

r=* A=*— r 

a„w* 4- rtiw*-* + . . . tfi = 2' (7„r 2' a*_r_A (^ + '^) ! ^r+A , 

r=0 A=0 

and this is the nth or general term of the integral series, as usually stated. 

C. We have finally by the method of differences that the sum of the n 
terms Mj, u^, . . . , m„ of this division is equai to 

r=Je 
r=:ffl 

since for values of r > A, as already noted, 

J*+'/(a,) 3= . 
III. Summations. 
A. Integral Series. 



BOB. NOTE ON INTEGBAL AND INTEGBO-GEOMETRIO 8EUIE8. 193 

We have by II. B. and C, 

2' f{x + r) = 2' C„+,,+, 2- a^_. (r + ;)! 2 ^^^±^, 

— (a^ + «!«*-' + . . . flfc) , 

and this is the most general formula for the sum of n terms of an integral 
series whose nth or general term is 

f(x + n) = ff„ (« + n)" + «! (a; + «.)*-' + ...««,. 

If a; =^ 0, the sum becomes, 

r-=.k \Tzh — r 

2 6'„+,,.+i 2 ai_r-x (»• + /)' -^r+A — «* • 
'•='> x=o 






r-1 



If «„..., a^ = 0, a„ = 1, we get 

y r* = 2 

Of course the integral series might, where a? = 0, be made to depend upon 

B. Integro-Geometric Series. 
The general term of this is 

{ay + a-ji"-"" + .. .a^)ar = x («„-»"-'«,* + UiOf'-^n''-^ + .. . x^-^a,,) . 
We may consider the sum 

S„r~i = l*""' + 2'->a; + 3'-W + . . . n'-'x''-' . 
(1 — xf S„,._, = (I'-i + 2'->a! + 3'-W + • . . w'-'a!"->) 

/• . r — 1 



1 — rx 



1 + 2'-» 
— r 



+ 



— /•2'-' 

r . r — 1 

1 .2 



ai' + JL'-i 
— ?'3'-i 

r . »• — 1 2r-l 



+ 



1.2 

r . r — 1 . r — 2 
1723 



1 . 2 

ar" + . . . (r — l)*-' 
— r (r — 2)'-i 

^ ^ 1.2 



ajs . . . (— IjW 
«'-' 4- 



«0 «1 



«r-3 



[(w — r + 1) terms from ttr-i'"''"' to a„_ia3"~' vanish by virtue of I. B. b.] 
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r .r — 1 , - , ,. 

T-r2- (" - ^) 



(— !)•• {n — r^ l)---' 



?• . ?• — 1 . r — 2 



1.2.3 



(« - ir 



(— l)'-(n — r-\- 2)--' 



a!»+'... +(— 1)- 



1.2 ...« + l 



(— 1)'' (n — /• + « + !)'■-' 



until 
« = /• — 1 , 



These last terms may be written 

a;" \ T(— \yL\in - s + 1)--' + x1 {- lyC^n - s + 2)^-1 + 

( »=l 1=2 



xX 



:=A4-1 ' 



and since 



«=A+1 



a, = l (- 1)'6',.,(/ - s + ir' 



8, 



\^ 'B) <• A:=0 «=0 



+ «" ^2"^^ y (— 1)« <?„ (74 — s + ; + 1)''"' \ ■ 

The sum of n terms of {%r'' + otir*^' + • • • «*) »'', from r = 1, r = n, is 
and is therefore 

X — <3S,"rt*:-r) 
1=0 



or it is 



X=A; — r — 1 «=X 



^•^' n 'V,.+i ^'^^^ 2- (- im_.+„(^ - * + 1)-" 



+ a" 2'a;^ 2- (- l)'^,_,+,/n - s + / + 1)*-- ( , 

a complete general formula for the sum of n terms of an integro-geometric 
series. 



